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Abstract
While p-values are widely used and discussed, we do not know a careful denition
of the concept in the literature. We sought to ll in the gap. In the process we
discovered that the traditional notion of test statistic is too narrow, and this
article indicates a natural generalization.
An older version of this paper is published as an arXiv technical report: https:
//arxiv.org/abs/1702.02590.
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. . . the enormous usefulness of mathematics in the
natural sciences is something bordering on the
mysterious. . .
Eugene P. Wigner, 1960

. . . statistics is a branch of applied mathematics, like
symbolic logic or hydrodynamics. Examination of
foundations is desirable, but it must be remembered
that undue emphasis on niceties is a disease to which
persons with mathematical training are specially prone.
George A. Barnard, 1947
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Preamble

This article is aimed at two audiences. One audience is non-statisticians and
especially computer scientists who might have seen our previous elementary article [17] on the subject. This audience may benet from the gentle introduction
to p-values in Section 2.
The other audience is statisticians, and in this section we try to explain to
statisticians that there is still something interesting to say about such a classical
notion as p-value (and so our article is not vacuous).
The standard denition of the p-value associated with a given test statistic
f and outcome x is
fˆ(x) = P[f ≤ f (x)]
(1)
where [f ≤ f (x)] = {y : f (y) ≤ f (x)}. It is not always realized by statisticians,
however, that this denition is somewhat precarious. The standard textbook
convention is that the test statistic f takes values in the real line. But the denition of fˆ requires only that the codomain of f be an ordered measurable space
and the initial segments (−∞, f (x)] be measurable. Should we generalize the
notion of test statistics appropriately? Would any linearly ordered measurable
space work as the codomain of a statistic f provided that the initial segments
(−∞, f (x)] are measurable?
Our answer to the former question is yes: a useful generalization is possible
and sometimes even used in applied statistics, and in this article we will argue
for its wider use. But the answer to the latter question turns out to be an
emphatic no. There exist a probability space (Ω, Σ, P) and a test statistic f
with values in a linearly ordered set with measurable initial segments such that
every fˆ(x) = 0. Informally, this makes no sense: we are entitled to reject the null
hypothesis whatever happens. Formally, this contradicts the standard property
of validity
P[fˆ ≤ ] ≤ 
for every nonnegative ε < 1
(2)
of p-values.
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Example 1.1. The sample space Ω is the collection (known to set-theorists as
ω1 ) of countable (that is nite and innite countable) ordinals. In set-theory,
every ordinal is the set of smaller ordinals: 0 is the empty set, 1 = {0}, 2 =
{0, 1}, 3 = {0, 1, 2}, the rst innite ordinal ω0 = {0, 1, . . .} is the set of natural
numbers, ω0 + 1 = ω0 ∪ {ω0 }, ω0 + 2 = ω0 ∪ {ω0 , ω0 + 1}, . . ., ω0 + ω0 =
ω0 ∪ {ω0 + n : n ∈ ω0 }, and so on. The rst uncountable ordinal ω1 is the set
of countable ordinals.
The σ -algebra Σ consists of all countable subsets of Ω and their complements,
and
(
0 if X is countable,
P(X) =
1 if Ω − X is countable.
Finally the test statistic f is the identity function: f (x) = x. The order on the
codomain is natural:
x < y ⇐⇒ x ∈ y,
so that

0 < 1 < · · · < ω0 < ω0 + 1 < · · · < ω0 + ω0 < · · · .
For every countable ordinal x, the initial segment [0, x] is countable. Accordingly

fˆ(x) = P[f ≤ f (x)] = P[0, x] = 0.
It is interesting that Example 1.1 is, in a sense, the only thing that can
go wrong with generalized test statistics: one of our results is that anomalies
of this kind can arise only when ω1 can be embedded into f 's codomain. The
resulting generality can be, and implicitly has been, useful in practical statistics;
e.g., even to incorporate the humble notion of randomized p-values into the
standard denition (1) we need generalized test statistics with codomains that
are richer than the real line, as we discuss later in the article. And we argue
that generalized test statistics should be used more widely and not necessarily
in combination with randomization.
The paper includes a careful comparison of two natural approaches to dene
and work with p-values:

• One approach, standard in statistics, starts with test statistics.
• The other approach starts with a linear preorder on the sample space.
The idea is that the main role of a test statistic f is to order the sample points x according to their strangeness; the precise values f (x) are
not essential. This approach has been instrumental in our exploration of
proper generalizations of traditional p-values.
The two approaches are believed to be equivalent but we are not aware of
any systematic study. (There is a third approach, standard in the algorithmic
theory of randomness [26], which focuses on nested families of rejection regions
[f ≤ c] = {x : f (x) ≤ c}, but it is outside the scope of this article, and we
address it elsewhere [18].)
In this journey, we will encounter surprisingly many hurdles and various
interesting phenomena.
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2
2.1

Introduction
Separation of concerns

It is practically certain that a predicted event of small probability will not
happen. This maxim, sometimes called the Cournot Principle, is universally
accepted. A question arises how small should the small probability be.
Before we proceed, let's make things a little more precise. Let T be a
probability trial (Ω, Σ, P) where

Ω is a nonempty set, the set of possible outcomes of T ;
Σ is a σ -algebra of subsets of Ω, the set of events of T ; and
P is a σ -additive function from Σ to the real segment [0, 1] with P(Ω) = 1,
the probability distribution of T .
Think of P as an alleged probability distribution or the null hypothesis of the
trial. The purpose of the trial is to test the null hypothesis.
An outcome x in a predicted event of small probability, if and when it occurs,
provides impugning, or falsifying, evidence against the null hypothesis. A sticky
point is whether the impugning power of x is sucient to impugn the null
hypothesis. At this point it makes sense to separate two distinct concerns:
what the impugning power of x is, and whether the impugning power of x is
sucient.
The concept of p-value allows us to address the rst concern. The p-value
of x is a measure of the impugning power of x. The second concern is most
interesting as well but we do not address it in this article.
It is surprising that the notion of p-value, so popular in applications and
discussions, is not dened carefully in the literature as far as we know. Our
best reference on p-values has been Chapter 3 of the 1974 book [5] where the
term is not even used. Hence this article.

2.2

Background information

The discussion above may give a false impression that the p-value of an outcome
x is determined by the probability trial itself. In the real world, a trial comes
with background information.

Example 2.1.
[34].

Consider the following story from a 1985 New York Times article

The New Jersey Supreme Court today caught up with the Essex County Clerk and a Democrat who has conducted drawings for
decades that have given Democrats the top ballot line in the county
40 out of 41 times.
The probability trial of the story can be easily formalized. For simplicity, we assume that, in all 41 elections, the number of Democratic candidates was equal to
3

that of the other candidates. Then the null hypothesis of the trial asserts that all
241 possible outcomes are equally probable. But not all outcomes are equally disturbing. For an outcome x, let d(x) be the number of elections with a Democrat
on the top ballot line. If we restrict attention to outcomes x with d(x) ≥ 21 · 41
then the story suggests that ImpugningPower(x1 ) ≥ ImpugningPower(x2 ) if and
only if d(x1 ) ≥ d(x2 ). But too small number of Democrats on the top ballot
lines would also be suspicious. Even though the clerk is a Democrat, he may
be working against the party. Let m(x) = min{d(x), 41 − d(x)}. Arguably the
story suggests that ImpugningPower(x1 ) ≥ ImpugningPower(x2 ) if and only if
m(x1 ) ≤ m(x2 ).
Suppose that our probability trial T is furnished with background information B that determines the impugning power of the outcomes of T . What
is background information exactly? That problem seems intractable. There
are no limits on the kinds of background information that occur in real world.
Fortunately, for our purposes, we don't have to solve that problem.
The term impugning power suggests that outcomes are linearly ordered
by their impugning power except that some outcomes may have the same impugning power. In other words, the outcomes are linearly preordered by their
impugning power. Recall that a linear preorder of Ω is a binary relation ≤ that
is reexive, transitive and quasi-linear, so that for all x, y, z ∈ Ω we have

x ≤ x, and (x ≤ y ≤ z =⇒ x ≤ z), and (x ≤ y or y ≤ x).
Instead of dening background information B , we postulate that it determines a unique linear preorder on Ω. We do not care about the distinction
between background information B1 and background information B2 if they determine the same linear preorder. For mathematical purposes, we can  and
will  assume that the given background information B is a linear preorder.
We return to this issue in [18].

2.3

Statistics

The given linear preorder ≤ allows us to assign a numerical value, namely P{y :
y ≤ x} = P(−∞, x], to the impugning power of any outcome x. The greater
the impugning power, the smaller the numerical value; we will address this issue
shortly.

Denition 2.2.

Given a probabilistic trial T furnished with a test preorder ≤,
the exact p-value of an outcome x is the probability P(−∞, x].
Fixing a test preorder is typically done by means of a test statistic. For example, the election story in Example 2.1 focuses our attention on the discrepancy
between the number d(x) of Democrats and the number r(x) of non-Democrats
in the rst ballot lines of x. This calls for a test statistic m(x) dened to be
min{d(x), r(x)}, which induces the test preorder x ≤ y ⇐⇒ m(x) ≤ m(y).

4

Remark 2.3. The reverse test preorder
x ≥ y ⇐⇒ the impugning power of x ≥ the impugning power of y
may seem more natural. On the other hand, we denitely want the exact pvalue P(−∞, x] (a natural and important for our purposes statistic) to assign
smaller numerical values to outcomes of greater impugning power: smaller pvalues having greater impugning power is a universally accepted convention.

2.4

History of p-values

In the applications of statistics, the results of hypothesis testing are almost
invariably packaged as p-values. However, it's dicult to pinpoint when exactly
the term was introduced; it developed slowly and informally. The expression
p-value has a whi of barbarity about it, and there are at least a dozen (3 ×
22 ) dierent ways of writing it. Do you capitalize p? (If not in general, do
you capitalize it at the start of a sentence?) Do you set it in italics? Do
you put a hyphen after it? We will ignore such dierences in this discussion.
But even then, the list of alternative expressions is bewildering. Herbert A.
David's list [9, p. 211] includes 9 such expressions: probability level, sample level
of signicance, observed signicance level, signicance probability, descriptive
level of signicance, critical level, signicance level, prob-value, and associated
probability. And that list is clearly incomplete: e.g., achieved signicance level
(usually abbreviated to ASL) and attained signicance level are also popular.
The situation with the notion (rather than the term) of p-value is dierent,
and it has a long and venerable history. To our knowledge, the rst p-value was
computed by John Arbuthnott in 1710 [2]; having observed that the number
of male births in London exceeded the number of female births during each of
the 82 years from 1629 to 1710, he rejected the null hypothesis of even chances
for the birth of male or female. He evaluated the p-value, which he referred to
using the generic term lot, as 2−82 . This was, however, a very special case
as the value attained by his chosen test statistic (the number of years in which
more males were born) was extreme (82 out of 82). The p-value was one-sided,
which was justied because, in Arbuthnott's words, the external accidents to
which are males subject (who must seek their food with danger) do make a great
havock of them.
As far as we know, the rst p-value corresponding to a non-extreme value
of a test statistic was computed by Laplace in his 1823 paper [23] devoted
to atmospheric tides, a more dicult object of study than ocean tides. In that
paper he tested the null hypothesis that changes in atmospheric pressure are not
aected by the phase of the Moon. His test statistic was the dierence between
the mean value of the change (between 9 a.m. and 3 p.m.) in the atmospheric
pressure at the Paris Observatory on 792 days near syzygies (times when the
Moon, Earth, and Sun are nearly aligned, in either order) and on 792 days near
quadratures (times when the Moon, Earth, and Sun form a right angle at the
Earth). The p-value that he computed, using a Gaussian approximation and
5

several more or less convincing assumptions, was 15.7%, which he interpreted
as being insuciently small to reject the null hypothesis. For further details,
see [32, Section 4] and [33, Chapter 4]. Laplace's 1823 paper is given by David
[9] as the rst (?) appearance of the notion of p-value ((?) standing for to
his knowledge).
Karl Pearson in his famous 1900 paper [27] about the χ2 test and Ronald
A. Fisher in his 1925 textbook [14] initiated the large-scale use of p-values.
Pearson used P as his notation for p-values, and on three occasions referred
to it as the value of P  (crucially, the caption of his table of p-values for χ2
given at the end of the paper is Values of P for. . . ). Fisher's textbook used
value of P  and simply  P  interchangeably. According to David [8], the value
of P  rst (?) morphed into  P value in [10, Remark on p. 30] (which is a
great progress since his previous paper [7], according to which this happened in
a 1960 book). Deming's use of the form  P values is consistent with his use of
the notation P (f ) to refer to the p-values produced by a test statistic f (such
as Karl Pearson's χ or Fisher's z ).
Randomized p-values might have been rst introduced in print explicitly
and in a fairly general form (for integer-valued test statistics) by Stevens in
1950 [31, Section 4]. Shortly before that, Anscombe in his discussion paper [1]
had introduced randomized p-values in the special cases of Fisher's exact test
(Section 5.07) and condence bounds for the parameter of the Bernoulli model
(Section 5.17, slightly less explicitly). But even at the time, this was not a novel
idea: e.g., Egon Pearson in his 1950 paper [28] defending randomized p-values
says: The possibility of this conversion has been recognized by statisticians for
a number of years (Section 1); here conversion is his term for complementing
the test statistic by a separate random experiment. At about the same time,
but less explicitly, randomized p-values were used by Eudey [13] and Tocher [35].
Randomized p-values were later used in the well-known book [29] (Section 1.5.5).

2.5

Contents of the rest of this article

Section 3 recalls several basic denitions which the reader can skim through
and then consult if and when needed. Section 4 goes into details of preorder
topologies which are important in the following sections.
The next two sections, 56, introduce two of the three main languages for
talking about p-values that we mentioned in Section 1, although there we stop
short of actually dening p-values and only lay the groundwork by formalizing
(in two dierent ways) the impugning power of dierent outcomes of the trial.
Section 5 is devoted to the most traditional method, going back to Arbuthnott
and Laplace (see Subsection 2.4), which starts from choosing a test statistic; this
method is used in Cox and Hinkley's textbook [5] and countless other textbooks.
Section 6 describes a language, conceptually the simplest of the three languages,
which starts from the notion of preorder and directly models the impugning
power of various outcomes. A third language, that of nested rejection regions,
is standard in the algorithmic theory of randomness [26] and was adopted in
the newest edition [25, Section 3.3] of Lehmann's classical textbook; it was
6

discussed in [17] in the simplest discrete case (and is discussed in [18] in general),
but in this article we concentrate on the rst two languages. We discuss the
assumptions under which the two languages are equivalent.
The following three sections, 79 give details of how p-values emerge using
the two languages and give a more abstract denition of p-functions, i.e.,
functions producing p-values (with Sections 78 concentrating on the former
and Section 9 on the latter).
While Sections 59 deal with the standard picture, in which test statistics
are real-valued, the following three sections, 1012, generalize the notion of test
statistic, show the usefulness of the generalization in the case of randomized
p-values, and argue for a wider use of the generalization. (In Section 12, we
may lose many of our readers lacking statistics background.)

2.6

Final remark

Article [17] was an appetizer for this article. There we restricted attention to the
discrete case with no outcomes of zero probability. That article was addressed
to computer science audience. It required only baby probability theory. Here
again we address a rather general audience. We have tried to make this article
as self-contained as possible. A modest mathematical background should be
sucient for understanding.

3

Preliminaries

For readers' convenience, we recall here various denitions and terms.

3.1

Preorders

A preorder of a set Ω is a binary relation ≤ on Ω that is reexive and transitive,
so that for all x, y, z ∈ Ω we have

x ≤ x,
if x ≤ y and y ≤ z then x ≤ z.
A preorder ≤ of Ω is linear if for all x, y ∈ Ω we have

x ≤ y or y ≤ x.
For linear preorders we write x < y to mean that y ≤ x is false. A preorder ≤
of Ω is called a linear order or total order or just order if for all x, y ∈ Ω we
have
x < y or x = y or x > y.

Proviso 3.1.

In the rest of the article, preorders are by default linear.
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Let (Ω, ≤) be a preordered set. Points (or elements) x, y are quasi-equal if
x ≤ y and y ≤ x. The point set QE(x) = {y : x ≤ y ≤ x} is the quasi-equality
class of point x. The induced relation
QE(x) ≤ QE(y) ⇐⇒ x ≤ y
on the quasi-equality classes is an order called the quotient order of preorder ≤.
A point set of a preordered set (Ω, ≤) is convex if, together with any points
x ≤ y , it contains every point z with x ≤ z ≤ y . Convex point sets are also
known as segments. Notice that segments are closed under quasi-equality; if a
segment contains a point x then it contains all points quasi-equal to x. Now
consider a point set X closed under quasi-equality. A segment S is a maximal
segment (of ≤) in X if S ⊆ X and there is no segment S 0 such that S ⊂ S 0 ⊆ X .
For every point x ∈ X , there is a unique maximal segment S in X that contains
x; of course S could be just the equality class of x. Thus every point set closed
under quasi-equality is the disjoint union (possibly uncountable) of its maximal
segments.
An initial segment of (Ω, ≤) is a segment that, together with every point x,
contains every y ≤ x. A nal segment of (Ω, ≤) is a segment that, together with
every point x, contains every y ≥ x. We use the standard notation:

(x, y) = {z : x < z < y},

[x, y) = {z : x ≤ z < y},

(x, y] = {z : x < z ≤ y},

[x, y] = {z : x ≤ z ≤ y},

(−∞, x) = {y : y < x},

(−∞, x] = {y : y ≤ x},

(x, ∞) = {y : x < y},

[x, ∞) = {y : x ≤ y}.

But not every segment has one of these 8 forms. Think for example of the
segment of rational numbers q with q 2 < 2 in the usual order of rationals.

3.2

Measurable spaces

Proviso 3.2.

Countable means nite or innite countable. So when we say
that a set is countable, we do not exclude that it is nite or even empty.
A σ -algebra on a set Ω is any collection of subsets of Ω that contains the
empty set and is closed under complements and countable unions. The tensor
product Σ1 ⊗ Σ2 of σ -algebras Σ1 , Σ2 on some sets Ω1 , Ω2 respectively is the
least σ -algebra on the direct product Ω1 × Ω2 containing the sets X1 × X2 where
X1 ∈ Σ1 and X2 ∈ Σ2 .
In a topological space, the Borel σ -algebra is the least σ -algebra that contains
the open sets. Members of the Borel σ -algebra are Borel sets.
A measurable space is a pair (Ω, Σ) where Ω is a set and Σ is a σ -algebra
on Ω. In this context, Ω is the sample space, and its elements are the sample
points. One example of a measurable space is the real line R with the Borel
σ -algebra.
The product measurable space of measurable
spaces (Ω1 , Σ1 ) and (Ω2 , Σ2 ) is

the measurable space Ω1 × Ω2 , Σ1 ⊗ Σ2 .
8

3.3

Measure spaces

A measure µ on a measurable space (Ω, Σ) is a countably additive function from
Σ to the extended real segment [0, ∞]. A measure space is a triple (Ω, Σ, µ)
where (Ω, Σ) is a measurable space and µ is a measure on (Ω, Σ).
On the real line with Borel σ -algebra, the standard Borel measure is the
unique measure with µ[a, b] = b − a for any reals a ≤ b.
A null set in a measure space (Ω, Σ, µ) is a measurable set of measure zero.
Subsets of null sets are negligible sets. The measure µ and the measure space
(Ω, Σ, µ) are complete if every negligible set is measurable. Every measure
space (Ω, Σ, µ) can be extended to a complete measure space (Ω, Σ0 , µ0 ) where
Σ0 = {S ∪ N : S ∈ Σ and N is negligible} and µ0 (S ∪ N ) = µ(S). The measure
µ0 is the completion of measure µ. On the real line, the Lebesgue measure is
the completion of the standard Borel measure.

3.4

Probability spaces and trials

A probability space is a measure space (Ω, Σ, P) where P(Ω) = 1. P is the probability measure or the probability distribution of the probability space. Probability measures are continuous from above, in the sense that P (∩∞
n=1 An ) =
limn→∞ P (An ) for any nested sequence A1 ⊇ A2 ⊇ · · · of elements of Σ, and
continuous from below, in the sense that P (∪∞
n=1 An ) = limn→∞ P (An ) for any
nested sequence A1 ⊆ A2 ⊆ · · · of elements of Σ.
Think of the probability space (Ω, Σ, P) as a probability trial. Sample points
are outcomes, measurable point sets are events, and P assigns probabilities to
events. P is the null hypothesis of the trial. Think of it as an alleged probability
distribution. The purpose of the trial is to test P.
The product measure P1 × P2 of probability measures P1 , P2 on measurable
spaces (Ω1 , Σ1 ), (Ω2 , Σ2 ) respectively is the unique probability measure on (Ω1 ×
Ω2 , Σ1 ⊗Σ2 ) such that P(X1 ×X2 ) = P1 (X1 )·P2 (X2 ) for X1 ∈ Σ1 and X2 ∈ Σ2 .
(The existence and uniqueness of the product measure is often regarded as part
of Fubini's theorem.)

4

Preorder topology

For future use, we need some facts about preorder topologies. Recall that our
preorders are linear and that a set is countable if it is nite or innite countable.
We need yet another convention.

Proviso 4.1.

By default, our sequences are countable (unless we say explicitly
that a sequence in question is transnite).
A preorder ≤ of a nonempty set Ω induces a preorder topology on Ω where
the open sets are unions of segments of the form (x, y), (−∞, x), (x, ∞) and
(−∞, ∞). In other words, such segments of ≤ form the base of the preorder
topology. In the case where ≤ is a linear order, one speaks about order topology.
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A topology is second-countable [38, Section 16] if it has a countable base of
open sets. In other words, a topology is second-countable if there is a countable
collection W of open sets such that, for any open set U and any point x ∈ U ,
we have x ∈ W ⊆ U for some W ∈ W . The countable base W witnesses the
second-countability of the topology. For example, the set of real segments (a, b)
with rational end-points a, b witnesses the second-countability of the real line
R.
We say that a preorder ≤ is second-countable if the preorder topology that
≤ induces is so. An open segment is a set that is both open and a segment.

Lemma 4.2.

For any preorder ≤, the following claims are equivalent.

1. The preorder is second-countable.
2. There is a countable set I1 , I2 , . . . of open segments such that, for any open
segment J and point x ∈ J , we have x ∈ In ⊆ J for some In .
3. There are countable families L1 , L2 , . . . and R1 , R2 , . . . of initial and nal
open segments respectively such that
• for any initial open segment X and point x ∈ X , we have x ∈ Ln ⊆ X
for some Ln and
• for any nal open segment X and point x ∈ X , we have x ∈ Rn ⊆ X
for some Rn .

Proof. Claim 2 obviously implies Claim 1. To prove that Claim 1 implies
Claim 2, let open sets U1 , U2 , . . . witness the second countability of ≤. Every Un splits into countably many disjoint open segments. Indeed, Un is closed
under quasi-equality and thus is the disjoint union of its maximal segments. If
all these segments are open then each of them contains a separate Ui and so the
number of these segments is countable. It remains to check that every maximal
segment S in Un is open. Suppose that x ∈ S . It suces to prove that S includes some open segment (a, b) 3 x (where we allow a = −∞ or b = ∞). Since
Un is open, it contains an open segment (a, b) 3 x. Since S ∪ (a, b) is convex
and S is maximal in Un , S includes (a, b).
The desired collection I1 , I2 , . . . comprises all the component open segments
of all Un . To nish the proof, we check that Claim 2 is equivalent to Claim 3.
2 =⇒ 3. Let I1 , I2 , . . . be as in Claim 2, and dene
[
Ln =
(−∞, x],
x∈In

Rn =

[

[x, ∞).

x∈In

If X is an initial (resp. nal) open segment and x ∈ X then, by Claim 2,
x ∈ In ⊆ X for some In . It follows that x ∈ Ln ⊆ X (resp. x ∈ Rn ⊆ X ).
3 =⇒ 2. Let Ln , Rn be as in Claim 3. The desired base I1 , I2 , . . . consists of
the intersections Lm ∩ Rn . Indeed, if J is an open segment containing a point
10

S
S
x, let L = y∈J (−∞, y] and R = y∈J [y, ∞). By Claim 3, there exist Lm , Rn
such that x ∈ Lm ⊆ L and x ∈ Rn ⊆ R. Then x ∈ Lm ∩ Rn ⊆ J .
A topological space is separable if it has a countable subset that is dense,
i.e., intersects every nonempty open set. A pair of points x < y form a jump in
a preorder ≤ if there is no point z with x < z < y , so that x is an immediate
predecessor of y , and y is an immediate successor of x. We identify jumps
x1 < y1 and x2 < y2 if x1 , x2 are quasi-equal (and therefore y1 , y2 are quasiequal). So jumps x1 < y1 and x2 < y2 are distinct if and only if x1 < x2 or
x2 < x1 .
To keep this article self-contained, we prove the following three lemmas here,
even though the facts are known for orders (see, e.g., [3, Section VIII.11], although our references will be to [4]), and the case of preorders is very similar.

Lemma 4.3

(cf. [4, Lemma 3]). A preorder ≤ is second-countable if and only
it is separable and has only countably many distinct jumps.

Proof. First suppose that ≤ is second-countable, and let open sets U1 , U2 , . . .
witness that ≤ is second countable. Pick any point xn ∈ Un . The points xn
witness that ≤ is separable.
To prove that there are only countably many jumps, let L1 , L2 , . . . be as
in Claim 3 of Lemma 4.2. For every jump x < x0 , there is a positive integer
nx such that x ∈ Lnx ⊆ (−∞, x]. Note that x is a maximal element in Lnx .
It follows that, if jumps x < x0 and y < y 0 are distinct then nx 6= ny . Since
there are only countably many positive integers, there are only countably many
jumps.
Second suppose ≤ is separable and has only countably many jumps. Then
there is a countable point set C = {a1 , a2 , . . .} such that
• it is dense in ≤;
• for every jump x < y , the set C contains points quasi-equal to x and to y ,
• if x is a minimal or maximal point in ≤ then C contains a point quasi-equal
to x.
Let Ln = (−∞, an ) and Rn = (an , ∞), and let L0 = R0 = (−∞, ∞). By
Lemma 4.2 and the initial/nal symmetry, it suces to prove that, for any
initial open segment X and any x ∈ X , there exists n such that x ∈ Ln ⊆ X .
If the open set (x, ∞) ∩ X is nonempty, some an ∈ (x, ∞) ∩ X so that
x < an ∈ X and therefore x ∈ Ln ⊆ X .
If (x, ∞) ∩ X is empty then x is a maximal element of X . But X is open. It
follows that either x is maximal in ≤ or else x has a successor x0 , so that x < x0
is a jump. In the rst case, x ∈ L0 ⊆ X . In the second case, there is an n such
that an is quasi equal to x0 and therefore x ∈ Ln ⊆ X .
If (A, ≤) is a preordered set and ∅ =
6 B ⊆ A then there are two natural
topologies on B . One is the preorder topology of B , or more exactly the preorder
topology of (B, ≤B ) where ≤B is the restriction of ≤ to B ; the open sets of the
11

preorder topology of B are unions of segments (x, y) of ≤B (where we allow
x = −∞ or y = ∞). The second one is the subspace topology of B ; the open
sets of the subspace topology have the form B ∩ U where U is an open set in
the preorder topology of (A, ≤). To demonstrate the dierence between the two
topologies, let (A, ≤) be the real line, and let B consist of the negative reals and
the number 1. The singleton set {1} is open in the subspace topology of B but
not in the preorder topology of B .

Lemma 4.4

(cf. [4, Theorem II]). Suppose that a preordered set (A, ≤) is
second-countable, and let ∅ =
6 B ⊆ A. Both the preorder topology of B and
the subspace topology of B are second-countable.

Proof. The subspace topology is second-countable with the base sets of the form
B ∩ U where U belongs to a countable base of A.
By Lemma 4.3, the subspace topology is separable. If a countable point
set C witnesses the separability of the subspace topology, it also witnesses the
separability of the preorder topology because every open segment (b1 , b2 ) of B
has the form B ∩ U where U is the open segment (b1 , b2 ) in A.
A jump (b1 , b2 ) of B may give rise to a nonempty open segment (b1 , b2 ) of A.
But for dierent jumps of B these segments of A are disjoint, and therefore there
are only countably many of the former. By Lemma 4.3, the preorder topology
is second countable.

Lemma 4.5

(cf. [4, Theorem II]). An ordered set (Ω, ≤) is second-countable
if and only if it is order isomorphic to a subset S of the real line R with the
standard order of reals.

Proof. The if direction follows from the previous lemma. We prove the only-if
direction.
Suppose that (Ω, ≤) is second-countable. By Lemma 4.3, (Ω, ≤) is separable
and has only countably many jumps. Therefore there is a countable point set
C = {a1 , a2 , . . .} such that C is dense in ≤, and C contains every jump in ≤,
and if x is minimal or maximal in ≤ then x ∈ C .
It was known already to Cantor that every countable order is order isomorphic to a set of rational numbers with the standard order. In particular this applies to our C with the inherited order. The desired order isomorphism f is easy
to construct. Suppose that we have already constructed f (a1 ), . . . , f (an ), and
let An = {a1 , . . . , an } ⊂ C , Bn = {f (a1 ), . . . , f (an )} ⊂ Q. If an+1 < min(An ),
set f (an+1 ) = min(Bn ) − 1. If an+1 > max(An ), set f (an+1 ) = max(Bn ) + 1.
Otherwise, let ai = max{a ∈ An : a < an+1 } and aj = min{a ∈ An : a > an+1 }.
Set f (an+1 ) = (f (ai ) + f (aj ))/2.
We extend the order isomorphism f to the whole (Ω, ≤) as follows: If x is
a point in ≤ that is outside of C then x = sup{a ∈ C : a < x}, and we set
f (x) = sup{f (a) : a ∈ C and a < x}.

Lemma 4.6.

The preorder

Let (R, ≤R ) be a second-countable ordered set and f : Ω → R.
x ≤ y ⇐⇒ f (x) ≤R f (y)
12

induced by f on Ω is second-countable.
Proof. If ≤ is a linear order, then f is an order embedding of (Ω, ≤) into (R, ≤R ).
By Lemma 4.4, ≤ is second-countable.
If ≤ is only a linear preorder, form the quotient order (Ω0 , ≤0 ), lift f to
work on Ω0 and conclude that (Ω0 , ≤0 ) is second-countable. Any witness of the
second-countability of (Ω0 , ≤0 ) gives rise to a witness of the second-countability
of (Ω, ≤). Here's the argument in detail. Let
• x0 be the quasi-equality class of x ∈ Ω,
• X 0 = {x0 : x ∈ X} for any X ⊆ Ω,
• f 0 (x0 ) = f (x),
• x0 ≤0 y 0 ⇐⇒ f 0 (x0 ) ≤R f 0 (y 0 )
so that (Ω0 , ≤0 ) is the quotient of (Ω, ≤) over quasi-equality and f 0 : Ω0 → R. By
the rst part of the proof, ≤0 is second-countable. Let open segments J1 , J2 , . . .
of ≤0 witness the second-countability of ≤0 , and let In = {x ∈ Ω : x0 ∈ Jn }.
The open segments {I1 , I2 , . . .} witness the second-countability of ≤.

5

Traditional test statistics

Convention 5.1.
measurable.

By default, a set of real numbers is measurable if it is Borel

Denition 5.2.

A traditional test statistic for a measurable space (Ω, Σ) is a
real-valued function f on Ω that is measurable, so that Σ contains the preimage
f −1 (B) = {x ∈ Ω : f (x) ∈ B} of every Borel set B of reals.
Since the Borel sigma-algebra of the real line is generated by the initial segments (−∞, r], the measurability requirement in Denition 5.2 can be simplied
to this: Every [f ≤ r] belongs to Σ.
In applied statistics, mostly traditional test statistics are used. In the next
section, the notion of test statistic is slightly generalized. A more radical generalization is discussed in Sections 1012.
How do we justify Convention 5.1? Well,
(a) we want that for any traditional test statistic f , all sets [f ≤ r] be measurable, and
(b) we are reluctant to impose additional constraints, i.e., constraints that do
not follow from (a).
This brings us to the notion of universally measurable sets.
Universally measurable sets of reals are sets measurable with respect to every
complete probability measure on R that measures all Borel sets. There exist
universally measurable sets that are not Borel [21, Theorems 14.2 and 21.10].
13

Proposition 5.3.

If the probability measure P of our trial T = (Ω, Σ, P) is
complete then every traditional test statistic f on T respects (in the sense of
having measurable pre-images) not only Borel sets but also all universally measurable sets.
Proof. Consider a trial T = (Ω, Σ, P) where P is complete. Any traditional
test statistic f for T induces a complete measure µ(X) = P[f −1 (X)] on R.
If a real set Y is universally measurable then Y is µ-measurable, and thus
f −1 (Y ) ∈ Σ.

Since the operation of measure completion is rather innocent, the version
of Convention 5.1 obtained by replacing Borel measurable with universally
measurable is a defensible alternative convention.

6

Test preorders

Recall that our preorders are linear, and that the default σ -algebra on the real
line R is the Borel σ -algebra. Let (Ω, Σ) be a measurable space.

Theorem 6.1.

For any real-valued function f on Ω, the preorder
x ≤ y ⇐⇒ f (x) ≤ f (y)

induced by f on Ω is second-countable. Furthermore, if f is measurable then
(−∞, x] ∈ Σ for all x ∈ Ω.
Proof. The rst claim follows from Lemma 4.6.
Every (−∞, f (x)] is Borel. Since f is measurable,
(−∞, x] = f −1 (−∞, f (x)] ∈ Σ.

Theorem 6.2. Any second-countable preorder ≤ on Ω is induced by some realvalued function f , so that x ≤ y ⇐⇒ f (x) ≤ f (y). Furthermore, if (−∞, x] ∈
Σ for all x ∈ Ω then such f is measurable.
Proof. We assume that ≤ is a second-countable preorder on Ω, and we construct
a function f : Ω → R that induces ≤ and which is measurable when all (−∞, x] ∈
Σ.
To this end, we use notation of Lemma 4.6: x0 is the quasi-equality class
of x, and (Ω0 , ≤0 ) is the quotient of (Ω, ≤) over quasi-equality. By Lemma 4.5,
there is a function g : Ω0 → R such that x0 ≤ y 0 ⇐⇒ g(x0 ) ≤ g(y 0 ). The
desired f : Ω → R is given by f (x) = g(x0 ).
It remains to check that, if every (−∞, x] ∈ Σ, then f is measurable. Since
the Borel σ -algebra on R is the least σ -algebra containing all initial segments
(−∞, r], it suces to check that every initial segment [f ≤ r] = f −1 (−∞, r] ∈ Σ.
If [f ≤ r] is empty then it belongs to Σ. Suppose that it is nonempty. If
[f ≤ r] has a maximal point x then [f ≤ r] = (−∞, x] ∈ Σ. Suppose there is
no maximal point. By Lemma 4.3, ≤ is separable. It follows that
S there is an
increasing sequence x1 < x2 < · · · in [f ≤ r] such that [f ≤ r] = n (−∞, xn ] ∈
Σ.
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Remark 6.3. The notion of separability is better known than that of secondcountability, and one may be tempted to weaken the conditions of Theorem 6.2
by replacing second-countability with separability. The following counterexample shows that separability is insucient. Let Ω = R × {0, 1} and ≤ be the
lexicographic order on Ω: (r, i) ≤ (r0 , i0 ) if and only if r < r0 or both r = r0 and
i ≤ i0 . The condition of separability is clearly satised: the points (q, i) with
rational q are dense in ≤. Yet, ≤ is not induced by any real-valued function.
For, suppose that a real-valued function f induces ≤. Then f (r, 0) < f (r, 1) for
all real r. Thus R has uncountably many disjoint open segments, which is false.
Remember that, according to Lemma 4.3, second countability is equivalent to
the conjunction of separability and the countability of the number of jumps.
Since traditional test statistics are measurable real-valued functions, we have
the following corollary.

Corollary 6.4.

A preorder ≤ on (Ω, Σ) is induced by a traditional test statistic
if and only if it is second-countable and every initial segment (−∞, x] of ≤
belongs to Σ.
Let us check that the initial segments (−∞, x] of a second countable ≤
generate the Borel σ -algebra; remember that the latter is dened as the smallest
σ -algebra containing all open sets.

Lemma 6.5.

The Borel σ -algebra on a second countable preordered set (R, ≤)
is generated by the initial segments (−∞, x], x ∈ R.
Proof. Since each (−∞, x] is a Borel set (being the complement of an open set),
the σ -algebra generated by the initial segments (−∞, x], x ∈ R, is included in
the Borel σ -algebra. Therefore, we are only required to prove that any open
set in R is measurable with respect to the σ -algebra generated by the initial
segments (−∞, x]. By Lemma 4.2 (together with its proof) and the initial/nal
symmetry, it suces to prove that any initial open segment X is measurable with
respect to the σ -algebra generated by the initial segments (−∞, x]. We apply the
argument that we used in the last paragraph of the proof of Theorem 6.2. If X
is empty then it belongs to Σ. If X has a maximal point x then X = (−∞, x] ∈
Σ. Suppose X is non-empty without a maximal point. By Lemma 4.3, ≤ is
separable. It follows
that there is an increasing sequence x1 < x2 < · · · in X
S
such that X = n (−∞, xn ] ∈ Σ.

Denition 6.6.
1. A test preorder on measurable space (Ω, Σ) is a second-countable preorder
of Ω such that all initial segments (−∞, x] belong to Σ.
2. A test statistic on measurable space (Ω, Σ) is a measurable function from
Ω to the real line R (in which case, f is a traditional test statistic ) or to
any other second-countable ordered codomain with Borel σ -algebra.
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Traditionalists may argue that the generalization of the traditional test
statistic in the last denition is vacuous, and in a sense it is vacuous. By Theorem 6.2, any test preorder on (Ω, Σ) is induced by a traditional test statistic.
It follows that any nontraditional test statistic f can be replaced by a traditional test statistic f 0 . However, as the following schematic example shows, the
nontraditional test statistic f may be much more convenient to work with. The
example is inspired by the literature on randomized p-values but it does not
presuppose the knowledge of randomized p-values, which will be introduced in
Section 11.

Example 6.7.

Let f be a traditional test statistic on a measurable space (Ω, Σ).
Assume that f takes values in a countable subset R of the real line R with its
usual order and Borel σ -algebra. (In the context of randomized p-values this
may correspond to the case of a discrete sample space Ω, when randomizing
p-values becomes particularly useful.) Set Ω0 to the real segment [0, 1] and Σ0
to the Borel σ -algebra on [0, 1]. (In the context of randomized p-values, Ω0 is
interpreted as the range of random numbers generated by a random number
generator.) Order R × [0, 1] lexicographically, so that

(p, r) ≤ (q, s) ⇐⇒ p < q or (p = q and r ≤ s).
It is easy to check that the lexicographic order is second-countable (this uses
the countability of R) and that the function F (p, r) = (f (p), r) is a test statistic
on the product measurable space (Ω × Ω0 , Σ ⊗ Σ0 ). While F is rather natural,
a traditional test statistic inducing the same test preorder on (Ω × Ω0 , Σ ⊗ Σ0 )
may be rather involved: think, e.g., of the case R = Q (the set of all rationals).
Radicals may argue that our generalization of traditional test statistics is way
too timid, that there are natural examples with more general test preorders. We
agree with the radicals and return to the issue in Section 11.

7

Tightening

In this section we introduce p-values though without using the term for the
time being. In the following two sections we will discuss the intuition behind
our denitions.
A test preorder ≤ on a probability space (Ω, Σ, P) is slack if there are points
x < y with P(−∞, x] = P(−∞, y], where (−∞, x], (−∞, y] are initial segments
of ≤. In other words, ≤ is slack if and only if there are points x < y with
P(x, y] = 0.

Denition 7.1.

The tightening of a test preorder ≤ is the test preorder

b y ⇐⇒ P(−∞, x] ≤ P(−∞, y].
x≤
Two test preorders are equivalent if they have the same tightening. A test
preorder is tight if coincides with its tightening.
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Corollary 7.2.
• A test preorder is tight if and only if it is not slack.
• A test preorder ≤ is tight if and only if x ≤ y ⇐⇒ P(−∞, x] ≤ P(−∞, y].

Lemma 7.3.

Let ≤ be a test preorder.

1. P(−∞, x]≤
b = P(−∞, x]≤ .
b
b =≤
b , so that ≤
b is tight.
2. ≤
b are equivalent.
3. ≤ and ≤

4. Equivalent tight test preorders are identical.
b will be
Proof. For brevity, (−∞, x]≤ will be denoted (−∞, x], and subscript ≤
denoted by subscript T .
1. Clearly (−∞, x] ⊆ (−∞, x]T and so P(−∞, x] ≤ P(−∞, x]T . To prove
the opposite inequality, P(−∞, x]T ≤ P(−∞, x], we consider two cases.

• If (−∞, x]T = (−∞, y] for some y , we have
P(−∞, x]T = P(−∞, y] = P(−∞, x],
b.
the last equality holding by the denition of ≤
• Now suppose (−∞, x]T 6= (−∞, y] for any y ∈ Ω. Since ≤ is separable, there is a sequence of points y1 ≤ y2 ≤ · · · in (−∞, x]T such
that the union of (−∞, yk ] over k is (−∞, x]T . Since P is continuous
from below,
P(−∞, x]T = lim P(−∞, yk ] ≤ P(−∞, x].
k

Here we have used the inequality P(−∞, yk ] ≤ P(−∞, x], which
follows from the denitions:

b x ⇐⇒ P(−∞, yk ] ≤ P(−∞, x].
yk ∈ (−∞, x]T ⇐⇒ yk ≤
2. We have

b
b y ⇐⇒ P(−∞, x]T ≤ P(−∞, y]T
x≤
⇐⇒ P(−∞, x] ≤ P(−∞, y]
by
⇐⇒ x ≤
3. The claim follows from Claim 2.
4. The claim follows from Claim 2.
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b
b
by def. of ≤
by Claim 1
b
by def. of ≤

Denition 7.4.

A test preorder ≤ induces the test statistic

TS≤ (x) = P(−∞, x]≤ .
A test statistic f induces the test preorder x ≤ y ⇐⇒ f (x) ≤ f (y).

Lemma 7.5.

Equivalent test preorders induce the same test statistic.

b induce
Proof. It suces to prove that a test preorder ≤ and its tight version ≤
the same test statistic. To this end, use Claim 1 of Lemma 7.3.
A natural question arises what the tight version of a test statistic f is. The
test preorder ≤f induced by a test statistic f contains all essential information
about f even though particular values of f may be more convenient in some
applications. The tightening of ≤f preserves all the essential information. So
we can dene the tightening of a test statistic f as the test statistic induced by
≤f (or, equivalently by the tightening of ≤f ). But there is an intrinsic way to
tighten a test statistic. Recall that [f ≤ r] abbreviates {y : f (y) ≤ r}.

Denition 7.6.

The tightening of a test statistic f is the test statistic

fˆ(x) = P[f ≤ f (x)]

(3)

(which is the same expression as (1), for a good reason). Two test statistics are
equivalent if they have the same tightening. A test statistic is tight if it is its
own tightening.

Lemma 7.7.

Let ≤ be the test preorder induced by a test statistic f .

1. (−∞, x] = [f ≤ f (x)] for all x.
2. fˆ = TS≤ = TS≤
b.
b , so that if f is tight then so is ≤.
3. fˆ induces ≤
ˆ
4. fˆ = fˆ, so that fˆ is tight.

5. f and fˆ are equivalent.
6. Equivalent tight test statistics are identical.
Proof.
1. Since f induces ≤, we have y ≤ x ⇐⇒ f (y) ≤ f (x), so that (−∞, x] =
[f ≤ f (x)].
2. By Lemma 7.5 and Lemma 7.3(3), it suces to prove that fˆ = TS≤ .
We have TS≤ (x) = P(−∞, x] = P[f ≤ f (x)] = fˆ(x) where the second
equality follows from Claim 1.
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3. We have

fˆ(x) ≤ fˆ(y) ⇐⇒ P[f ≤ f (x)] ≤ P[f ≤ f (y)]
⇐⇒ P(−∞, x] ≤ P(−∞, y]
by
⇐⇒ x ≤

by def. of fˆ
by Claim 1
b
by def. of ≤

b . By the rst equality of Claim 2, with fˆ and
4. By Claim 3, fˆ induces ≤
b playing the roles of f and ≤ respectively, fˆˆ = TS b . But, again by
≤
≤
Claim 2, TS b = fˆ.
≤

5. The claim follows from Claim 4.
6. The claim follows from Claim 4.

Corollary 7.8.
b and is tight.
1. If a test preorder ≤ induces a test statistic f then f induces ≤

2. If a test statistic f induces a test preorder ≤ then ≤ induces the tight
version fˆ of f .
Proof.
1. Suppose that ≤ induces a test statistic f , so that f (x) = P(−∞, x]. The
preorder induced by f is f (x) ≤ f (y), i.e., P(−∞, x] ≤ P(−∞, y], which
b . The tightening of f is, by Claim 1 of Lemma 7.3,
coincides with ≤

fˆ(x) = P[f ≤ f (x)] = P(−∞, x]≤
b = P(−∞, x]≤ = f (x).
2. Suppose that f induces ≤. By Claim 1 of Lemma 7.7, (−∞, x] = [f ≤
f (x)]. Hence P(−∞, x] = P[f ≤ f (x)]; in other words, the test statistic
induced by ≤ coincides with fˆ.

8

Exact p-values

In this section we introduce a dierent name for values taken by tight statistics,
exact p-values. A more general notion of p-values will be given in the next
section, where we will allow conservative p-values. (In this article we never
consider approximate p-values, which are sometimes used in statistics, both
theoretical and applied.)

Denition 8.1. Given a probability trial (Ω, Σ, P) furnished with a test preorder ≤, the exact p-value of an outcome x is the probability P(−∞, x].
Notice the dependence on the test preorder. Of course, the test preorder can
also be given by means of a test statistic. Test statistics are especially popular
in applications. In this connection, let us give an alternative denition of exact
p-values.
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Denition 8.2. Given a probability trial (Ω, Σ, P) furnished with a test statistic f , the exact p-value of an outcome x is the number fˆ(x) = P[f ≤ f (x)].
Of course the two denitions are consistent.

Lemma 8.3.
1. If a test statistic f induces a test preorder ≤ then P(−∞, x] = P[f ≤
f (x)].
2. If a test preorder ≤ induces a test statistic f then P[f ≤ f (x)] = P(−∞, x].
Proof.
1. The events (−∞, x] and [f ≤ f (x)] coincide.
2. The equality P[f ≤ f (x)] = P(−∞, x] can be written as P[f ≤ f (x)] =
f (x) and follows from f being tight (by Claim 2 of Corollary 7.8 in combination with every test preorder being induced by some test statistic,
asserted by Theorem 6.2).
Let us now compute the exact p-value for Example 2.1.

Example 8.4 (Example 2.1 continued). With respect to the test statistic m,
the exact p-value of the actual outcome is
P[m ≤ 1] =

2 × 26
2(1 + 41)
<
= 2−34 .
41
2
241

(Our statistical readers will appreciate that while this p-value is formally correct,
in real life it should be taken with a grain of salt because of the likely implicit
multiple hypothesis testing: e.g., the Essex county is not the only county in the
USA where such an anomaly could have occurred.)

9

p-functions

In this section we will introduce and discuss the fundamental property of validity
for p-values (cf. (2) in the Preamble). Let ε range over the segment [0, 1]

Lemma 9.1.

Let f be a tight test statistic.

1. P[f ≤ ε] = ε if ε ∈ Range(f ).
2. P[f ≤ ε] = ε if ε = sup S for some S ⊆ Range(f ).
3. P[f ≤ ε] ≤ ε for every ε.
Proof.
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1. If ε = f (x) then

P[f ≤ ε] = P[f ≤ f (x)]
as f is tight

= f (x)
= ε.

2. If ε = sup S for some S ⊆ Range(f ), then there is a sequence s1 < s2 < · · ·
of elements of S converging to ε. Then, assuming ε ∈
/ Range(f ) (the case
ε ∈ Range(f ) was covered by Claim 1),

P[f ≤ ε] = P[f < ε] = P (∪∞
n=1 [f ≤ sn ])
= lim P ([f ≤ sn ]) = lim sn = ε.
n→∞

n→∞

3. Let ε0 = sup{s ∈ Range(f ) : s ≤ ε}. Then [f ≤ ε] = [f ≤ ε0 ] and
therefore, by Claim 2, P[f ≤ ε] = P[f ≤ ε0 ] = ε0 ≤ ε.
Lemma 9.1 is the fundamental property of validity of p-values. It means that,
for a small signicance level ε > 0, we are entitled, by the Cournot principle,
to reject the null hypothesis once we observe a p-value ≤ ε. In particular, in
Example 8.4 we are entitled to reject the null hypothesis since the p-value that
we obtained is so small, smaller than any reasonable signicance level. In the
next denition we isolate this property of validity.

Denition 9.2.
• A p-function is a test statistic f such that P[f ≤ ε] ≤ ε for every ε.
• A p-function f is exact if P[f ≤ ε] = ε for every ε ∈ Range(f ); otherwise
f is conservative.
• Values of a p-function are p-values.
If f is a p-function then cf is a p-function for every c ≥ 1. Indeed

P[cf ≤ ε] = P[f ≤ ε/c] ≤ ε/c ≤ ε.
If c ∈ (0, 1) then cf may not be a p-function. In particular if P[f ≤ ε] = ε for
at least one ε > 0 then cf is not a p-function because, for that ε, we have

P[cf ≤ cε] = P[f ≤ ε] = ε > cε.

Theorem 9.3.

For any test statistic f , the following two claims are equivalent:

1. f is tight.
2. f is an exact p-function.
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Proof. The implication 1 =⇒ 2 is proven in Lemma 9.1. To prove the implication 2 =⇒ 1, assume that f is an exact p-function, x ∈ Ω is an arbitrary
outcome and ε = f (x). We have
fˆ(x) = P[f ≤ f (x)] = P[f ≤ ε]
as f is exact

=ε
= f (x).

Corollary 9.4.
• Every test preorder induces a unique exact p-function.
• Every test statistic f is equivalent to a unique exact p-function.

Remark 9.5. Conservative p-functions appear naturally when adjusting p-values
for multiple hypothesis testing. Consider, e.g., a case where the same outcome
of a probability trial is analyzed n times, using test statistics f1 , . . . , fn and
getting p-values p1 , . . . , pn . Of course one would love to report the p-value
min{p1 , . . . , pn } but it needs to be adjusted for the multiple testing of the null
hypothesis. The simplest Bonferroni correction is one way to adjust that pvalue, by multiplying it by n (see, e.g., [20]). The p-value n min{p1 , . . . , pn } is
valid though usually conservative. More exactly the test statistic
f = n min(f1 , . . . , fn )
is a p-function, typically conservative. Indeed,
n
n
X
 X
P[f ≤ ε] = P ∪ni=1 [fi ≤ ε/n] ≤
P[fi ≤ ε/n] ≤
ε/n = ε.
i=1

10

ω1 -short

i=1

preorders

In Example 1.1 we mentioned that ω1 is the set of all countable ordinals and
that ordinals are naturally ordered by inclusion. Think of ω1 as the linear
order of countable ordinals. A mapping f whose domain and codomain are
both preordered sets is order-preserving (or an embedding ) if x < y implies
f (x) < f (y) for all x and y in its domain.

Denition 10.1.

A preorder ≤ of a set R is ω1 -short if there is no orderpreserving map from ω1 to (R, ≤).

Remark 10.2. A standard notion of shortness (not used in this article) is a twosided version of our denition (the order is called short if neither ω1 nor its
reverse ω1∗ can be embedded into it): see [16] and [30, p. 88]. It is interesting
that in the context of p-values the symmetry between ω1 and ω1∗ is lost, and
ω1∗ is not nearly as dangerous as ω1 . Replacing in Example 1.1 the order ω1 by
the reverse order ω1∗ , we will obtain a p-value that is identically equal to 1; it's
valid albeit very conservative (and this can easily happen even for very simple
test statistics: e.g., whenever the size of f 's codomain is 1).
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There is a useful positive characterization of ω1 -short preorders. We start
with recalling the notion of conality. Sets X, Y of points of preorder ≤ are
conal if for every x ∈ X there is y ≥ x in Y and for every y ∈ Y there is x ≥ y
in X .

Lemma 10.3.

A preorder ≤ is ω1 -short if and only if every initial segment
without a maximal element includes a conal sequence x1 < x2 < · · · .
Proof. It suces to prove that ω1 can be embedded into ≤ if and only if there
is an initial segment L of ≤ without a maximal element such that no sequence
x1 < x2 < · · · is conal with L. If η is an order-preserving map from ω1 to the
underlying set of ≤, the desired L is the least initial segment that includes the
range of η . Indeed, consider any sequence x1 < x2 < · · · in L. For every xn
there is a countable ordinal αn such that xn ≤ η(αn ). Assuming α1 < α2 < · · · ,
supn αn is another countable ordinal β so that η(β) ∈ L and η(β) > η(αn ) ≥ xn
for all n.
In the opposite direction, suppose that L is an initial segment of ≤ without a
maximal element and such that no sequence x1 < x2 < · · · is conal with L. We
choose y0 arbitrarily in L. For any countable β , if we have constructed a transnite sequence hyα : α < βi, that transnite sequence (containing countably
many elements) is not conal with L, and so we can choose yβ in L greater than
all yα with α < β . This way we construct a transnite sequence hyα : α < ω1 i
and an embedding α 7→ yα of ω1 to ≤.

Remark 10.4. The argument in the proof of Lemma 10.3 (second paragraph) is
an instance of what is known as denition by transnite induction (in our case,
over the countable ordinals). For details, see the transnite recursion theorem
in [19], Section 18. It becomes applicable if we x a choice function that maps
every transnite sequence hyα : α < βi for every countable ordinal β to yβ
satisfying our desideratum (in this particular case, yβ being greater than all yα
with α < β ).

Denition 10.5. A generalized test statistic is a measurable function f : Ω →
R taking values in an ordered set R (perhaps dierent from the real line R)
equipped with a σ -algebra making all initial segments of the form (−∞, r],
r ∈ R, measurable. Its tightening fˆ is dened, as usual, by (3):
fˆ(x) = P[f ≤ f (x)].

Theorem 10.6.

If the codomain of f is ω1 -short, the tightening fˆ of f is a
p-function. If an ordered set R is not ω1 -short, there exists a trial (Ω, Σ, P) and
a generalized test statistic f : Ω → R whose tightening is not a p-function.
Proof. Our proof of the rst statement will be by contrapositive. Suppose fˆ is
not a p-function. Fix an ε ∈ [0, 1) such that P[fˆ ≤ ε] > ε. Set E = [fˆ ≤ ε],
so that P(E) > ε whereas P[f ≤ f (x)] ≤  for all x ∈ E . An embedding of an
ordinal β into E is a family hxα : α < βi of points of E such that f (xα ) < f (xα0 )
for all α < α0 < β . Our goal is to dene an embedding hxα : α < ω1 i of ω1 into
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E ; we will do so by transnite induction over the countable ordinals. Choose
x0 ∈ E arbitrarily; this can be done since P(E) > ε and so E is non-empty.
Suppose, for a countable β , we have constructed an embedding hxα : α < βi of
β into E . Since P(∪α<β [f ≤ f (xα )]) ≤ ε (by the continuity of P from below
and the countability of β ) and P(E) > ε, we can extend the family hxα : α < βi
by adding another point xβ of E with f (xβ ) > f (xα ) for all α < β . This way
we construct an embedding of the whole of ω1 into E .
On the other hand, suppose an ordered set R is not ω1 -short. We proceed as
in Example 1.1. Set Ω = ω1 with the same σ -algebra Σ and probability measure
P as before, and let f be an order-preserving map from Ω to R (which exists
by our assumption). We still have P[f ≤ f (x)] = 0 for all x ∈ Ω.
Theorem 10.6 shows that the class of generalized test statistics taking values
in an ω1 -short ordered set is particularly important; let's check directly that
this class includes the traditional test statistics.

Proposition 10.7.

The set of real numbers R is ω1 -short.

Proof. Suppose toward a contradiction that η is an order-preserving map from
ω1 to R. Since there is a rational number qα between any η(α) and η(α) + 1,
we obtain uncountably many distinct rationals qα , which is impossible.

11

Randomized p-values

In this section we discuss randomized p-values, which we already mentioned in
Subsection 2.4, as a natural example of generalized test statistics taking values
in ω1 -short orders. Randomized p-values arise naturally in situations where
the distribution of the test statistic is not continuous. They are produced by
generalized test statistics whose codomain is R × [0, 1] with the lexicographic
order; intuitively, we add a random number to the test statistic to break ties
if there are any. This makes the distribution of a randomized p-value uniform
over the segment [0, 1] (as shown in Proposition 11.1 below).
As discussed earlier, Egon Pearson [28] defended randomized p-values in
1950, but he was mainly writing about the abstract notion. At this time there
are at least two (and probably many more) elds of relatively practical statistics
where randomized p-values are essential: multiple hypothesis testing in bioinformatics (see, e.g., [12]) and in on-line testing the hypothesis of exchangeability
using conformal martingales (see, e.g., [36, Section 7.1]). In both cases p-values
are used repeatedly a large number of times, and any non-uniformity of their
distribution quickly accumulates and destroys the power of the overall procedure.
Recall that the product P1 × P2 of probability measures P1 and P2 on
measurable spaces (Ω1 , Σ1 ) and (Ω2 , Σ2 ) respectively is the unique probability
measure on (Ω1 × Ω2 , Σ1 ⊗ Σ2 ) with P(X1 × X2 ) = P1 (X1 ) · P2 (X2 ) for X1 ∈ Σ1
and X2 ∈ Σ2 . We are essentially in the situation of Example 6.7, except that
the assumption that the codomain of f is countable is dropped.
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By Lemma 9.1, the tightening f of a test statistic is only guaranteed to satisfy
the inequality P[f ≤ ε] ≤ ε, and very simple examples show that P[f ≤ ε] < ε
is indeed possible: e.g., setting f to the tightening of the test statistic m in
Examples 2.1 and 8.4 and  to 2−34 , we have P[f ≤ ε] = 2(1 + 41)2−41 < ε.
Randomized p-values are a way of achieving the equality P[f ≤ ε] = ε for
all  ∈ [0, 1]. Informally, we enrich our probability space by adding a random
number generator and using its output for breaking ties in values of the test
statistic for dierent outcomes.
Formally, we start from our usual setting of a given traditional test statistic
f : Ω → R on a trial (Ω, Σ, P). The output of a random number generator is
modelled as the trial ([0, 1], B, U), where B is the Borel σ -algebra on [0, 1] and
U is the uniform probability measure on ([0, 1], B). The overall trial is now the
product
(Ω̄, Σ̄, P̄) = (Ω × [0, 1], Σ ⊗ B, P × U)
and the test statistic f on Ω is replaced by the ner test statistic

F (x, r) = (f (x), r)
on Ω̄. The order on the codomain R × [0, 1] of F is lexicographic,

(p, r) ≤ (q, s) ⇐⇒ p < q or (p = q and r ≤ s).
Intuitively, this means that the impugning power of our test statistic is determined by f , and the outcome of the random number generator is only used
for tie breaking. Let us call all functions F that can be obtained in this way
randomized test statistics. They have the following useful property.

Proposition 11.1.

The tightening F̂ of any randomized test statistic F satises
P̄[F̂ ≤ ε] = ε for any  ∈ [0, 1].
Proof. Fix any ε ∈ (0, 1) (it is clear that it suces to consider this range of ε).
The subset
{t ∈ R × [0, 1] : P̄[F ≤ t] ≤ ε}

of R × [0, 1] is bounded from above, and we let (p, r) be its supremum. By the
continuity of probability measures from below, P̄[F ≤ (p, r)] ≤ ε; let us check
that in fact P̄[F ≤ (p, r)] = ε. Indeed, suppose P̄[F ≤ (p, r)] = ε0 < ε. There
are two cases:

• If r < 1, there exists r0 > r such that it is still true that P̄[F ≤ (p, r0 )] < ε,
which contradicts the denition of (p, r).
• If r = 1, by the continuity of probability measures from above there is
a p0 > p such that P[f ∈ (p, p0 ]] < ε − ε0 (where f is rst component
of F , as above; remember that p and p0 are real numbers). Therefore,
P̄[F ≤ (p0 , 0)] < ε, and we again obtain a contradiction.
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The equality P̄[F ≤ (p, r)] = ε and the chain of equivalences

F̂ (x) ≤ ε ⇐⇒ P[F ≤ F (x)] ≤ ε ⇐⇒ F (x) ≤ (p, r)
now imply

P̄[F̂ ≤ ε] = P̄[F ≤ (p, r)] = ε.
The value F̂ (x) is the randomized p-value corresponding to an outcome x.
According to Denition 6.6 and the example in Remark 6.3, the function F is
not a test statistic (not a traditional test statistic and not even a test statistic
in the wider sense of Denition 6.6). However, we are still on a relatively safe
ground since its codomain is ω1 -short, as the following proposition says.

Proposition 11.2.

If R and S are ω1 -short orders, then the product R × S
(ordered lexicographically) is an ω1 -short order.

Proof. Let h(rα , sα ) : α < ω1 i be a strictly increasing transnite sequence of
elements of R×S ; we will arrive at a contradiction. Dene a transnite sequence
rβ0 of elements of R by transnite induction as follows: r00 = r0 and rβ0 = rα
for the smallest α such that rα > rγ0 for all γ < β . Since R is ω1 -short,
this transnite sequence is only dened on countably many ordinals; therefore,
there are only countably many distinct rα . And since for each rα there are only
countably many sβ such that sβ = sα , we obtain a contradiction.
Remark 11.3. When using randomized p-values, statisticians (and computer
scientists in related areas) do not usually emphasize the use of generalized test
statistics, which remain implicit. They prefer to dene randomized p-values
from scratch rather than using the standard denition (1). Namely, the usual
denition (as given in, e.g., [12] and [36]) is
F̂ (x, r) = P[f < f (x)] + rP[f = f (x)],

(4)

where r is a random number in [0, 1]. The only explicit use of the lexicographic
order in connection with randomized p-values that we are aware of is in [6, p. 91,
(3.4)].
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An alternative to randomizing p-values

Many practical statisticians dislike the idea of random p-values. A pioneer of
randomized p-values (Stevens on the last page of [31]) says: We suppose that
most people will nd repugnant the idea of adding yet another random element
to a result which is already subject to the errors of random sampling. When
reporting on Anscombe's previous work [1] he says that the method was there
dismissed rather briey as being unsatisfactory. Egon Pearson [28] was more
positive but still admitted that there are a number of objections to the use of
the method, which many statisticians would regard as decisive.
A popular alternative to randomized p-values is mid-p-values, introduced
by Lancaster in 1961 [22], his motivation being that in some cases computing
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randomized p-values may be time-consuming and even embarrassing to the
statistician. The mid-p-value is dened to be the following modication of (4):

1
P[f < f (x)] + P[f = f (x)];
2

(5)

in other words it is dened to be the arithmetic mean of P[f < f (x)] and
P[f ≤ f (x)] (whereas the randomized p-value is distributed uniformly between
P[f < f (x)] and P[f ≤ f (x)]). The corresponding mid-p-function maps each
outcome x ∈ Ω to the mid-p-value (5). The denition of mid-p-values is natural,
but the main problem with it is that mid-p-functions are not guaranteed to be
p-functions (and they are not p-functions in interesting cases).
In randomized p-values we complement a given test statistic by a random
number to break ties. We can easily imagine less repugnant (to use Stevens's
expression) ways of tie-breaking using the lexicographic order on R2 (or Rk for
k > 2). In this section we will discuss several specic examples, but it will be
clear that the approach is general.
Wilcoxon's rank-sum test [37, 11] is the workhorse of nonparametric statistics. It is used for comparing two groups of observations (real numbers),

x1 , . . . , xm and y1 , . . . , yn ;
for simplicity we will assume that these observations are all dierent. The test
statistic Rx is the sum of the ranks of the rst m observations, in this case
the sum of the ranks of x1 , . . . , xm , where all m + n observations are ranked
from 1 (the smallest) to m + n (the largest). The p-value corresponding to the
given value Rx of the test statistic is the probability that Rx0 ≤ Rx . Here Rx0 is
obtained by applying the test statistic to a random permutation z1 , . . . , zm+n
of the m + n observations; in other words Rx0 is the sum of the ranks of observations z1 , . . . , zm . Intuitively, we are testing the null hypothesis that all m + n
observations are drawn independently from the same continuous distribution on
the real line against the alternative that the xs tend to be smaller than the y s.
Wilcoxon's rank-sum test is surprisingly ecient (see, e.g., [24, Section II.4]),
but its p-values have a discrete distribution; rst of all, it is clear that this
distribution is concentrated on the set
(
)
2
1


m+n , m+n , . . . , 1 ,
m

m

as for any permutation test. For example, when m = n = 6, it is concentrated
on the set {1/924, 2/924, . . . , 1}. However, Table 5.1 in [29, Chapter 5] shows
that Wilcoxon's test statistic is much cruder: it takes values in the set

{1/924, 2/924, 4/924, 7/924, 12/924, 19/924, 30/924, 43/924, 61/924, . . . , 1}
(where the ellipsis does not imply that the reader is supposed to be able to ll
in the missing values).
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To partially break the ties between the values of the test statistic (this is
the only kind of ties we are interested in since all observations were assumed
to be dierent), we can complement Rx by the value T2 of the FisherYates
Terry statistic, which is computed similarly to Rx but which applies a monotonic
transformation to all the ranks changing the sums of ranks accordingly. The new
test statistic, (Rx , T2 ), takes values in R2 equipped with the lexicographic order.
The p-value corresponding to the given value of (Rx , T2 ) is the probability that
(Rx0 , T20 ) ≤ (Rx , T2 ), where (Rx0 , T20 ) is computed by applying the test statistic
to a random permutation of our m + n observations. The range of the new
p-function will be extended by adding the points in

{5/924, 8/924, 10/924, 14/924, 15/924, 17/924, 21/924,
22/924, 24/924, 26/924, 28/924, 32/924, 34/924, 35/924,
37/924, 39/924, 40/924, 42/924, 48/924, 49/924, . . .},
as the same table in [29] shows (although we suspect that Pratt and Gibbons's
results may be aected by the limited numeric accuracy of their calculations).
Lots of numbers of the form k/924, k = 1, 2, . . ., are still missing, so we
might add the van der Waerden statistic T3 , which is similar to T2 but uses
a slightly dierent monotonic transformation. Now the combined test statistic
(Rx , T2 , T3 ) takes values in R3 with the lexicographic order. However, adding
T3 will only add one number, 41/924, to the intersection of the range of the pfunction and [0, 49/924]. The reason for this poor tie-breaking performance of T3
is that the test statistics T2 and T3 are so similar: both are based on monotonic
transformations of ranks dened in terms of the Gaussian distribution. One way
to break the ties more eciently is to replace T3 by a test statistic analogous
to T2 or T3 but based on, e.g., monotonic transformations of ranks dened in
terms of the Laplace distribution (popular in robust statistics).
An advantage of all these generalized test statistics is that the corresponding
p-function will be valid (in the sense of (2)) whenever the observations are
generated independently from the same continuous probability distributions on
R, and no parametric assumptions are required. A disadvantage is that even
in the ideal situation (from the point of view of breaking ties) the range of the
test statistic is {1/924, 2/924, . . . , 1} (where we revert to the normal use of the
ellipsis: the reader is expected to ll it in). Therefore, the distribution is still
not uniform on [0, 1], although it is uniform on {1/924, 2/924, . . . , 1} (and so
almost uniform on [0, 1]). In the rest of this section we will assume that we
are in this ideal situation.
A drastic step perfectly breaking all ties (with probability one) but partly
sacricing the non-parametric character of the test is to add Student's [15] tstatistic
x̄ − ȳ
,
t=
S

28

where we ignore an irrelevant constant factor and use the notation
m
n
1 X
1X
x̄ =
xi ,
ȳ =
yi ,
m i=1
n i=1
v
um
n
X
uX
S = t (xi − x̄)2 +
(yi − ȳ)2 ,
i=1

i=1

to the list (Rx , T2 , . . .), with the order on (Rx , T2 , . . . , t) still being lexicographic.
The p-value corresponding to a given value of (Rx , T2 , . . . , t) is the probability
that (Rx0 , T20 , . . . , t0 ) ≤ (Rx , T2 , . . . , t), where (Rx0 , T20 , . . . , t0 ) is computed by applying the test statistic to a random sample of size m + n drawn independently
from the standard Gaussian distribution. Because of the nonparametric nature of the test statistics preceding t, the resulting p-function f will satisfy
P[f ≤ ε] = ε for any ε ∈ {1/924, 2/924, . . . , 1} and the power P = P m+n of
any continuous probability distribution P on R. On the other hand, we will
have P[f ≤ ε] = ε for any ε ∈ [0, 1] and the power P = P m+n of any Gaussian
distribution P on the real line.

Remark 12.1. In principle, we could have used only traditional test statistics in
this section since even the most complicated of our test statistics, (Rx , T2 , . . . , t)
used in the last paragraph, had all components but one taking values in discrete
sets. As we know, such orders can be embedded in the real line. However,
the resulting traditional test statistic would be awkward, and it is much more
natural to think in terms of the original statistic, such as (Rx , T2 , . . . , t) (cf.
Example 6.7). And even for a practical statistician, it may be reassuring to
know that she is on safe ground when using any Rk -valued test statistics (with
the lexicographic order on Rk ).
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